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Abstract

In the present investigation, numerical simulations are performed to study flow and thermal fields of non-Newtonian fluids in circular
microchannels. The flow is considered to be slip, axisymmetric, steady, incompressible, laminar, and power law model is used to char-
acterize the behavior of the non-Newtonian fluid. The constant wall heat flux and constant wall temperature are employed as thermal
boundary conditions. The set of governing dimensionless differential equations with appropriate boundary conditions are solved together
using control volume finite difference method. Results indicate the increasing slip coefficient decreases the product of friction factor and
Reynolds number and centerline velocity while results in increasing of local Nusselt numbers. Slip effect enhances with increasing power
law index. Also slip effect in constant wall heat flux is more than that of constant wall temperature boundary conditions.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Microchannels are used in several industries and equip-
ments such as cooling of electronic package, microchannel
heat sinks (Mudawar and Qu, 2002), microchannel heat
exchangers, microchannel fabrication (Simoes et al.,
1998), cooling and heating of different devices (Adams,
1998; Zengerle and Richter, 1994). As the size of a channel
is reduced, the continuum flow assumption is no longer
valid; however there is a certain value for the size that
one can still apply Navier–Stokes equations with some
modifications on the boundary conditions (Arkailic et al.,
1994; Shih et al., 1996). The flow in these conditions is
called slip flow. Generally, hydrodynamic wall boundary
conditions are sorted as below:

(1) No-slip boundary condition.
(2) Slip boundary condition.
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Continuous hydrodynamics describes fluids flow in wide
range of systems and sizes but in some systems no-slip
boundary condition is not valid. For example in polymeric
fluids flow and gas flow in nano and micro pores and chan-
nels and in Micro Electro Mechanical systems (MEMS),
slip occurs near the wall and the wall velocity is non-zero.
Knudsen number (Kn) is defined to represent the rarefac-
tion effects and amount of continuous behavior of gases.
It is the ratio of the mean free path to the characteristic
length of the channel. By increasing Kn first continuum
flow changes into slip flow and then transition regime
and finally regime of gas will be free molecule.

Beskok and Karniadakis (1994) give the range for the
Knudsen number in slip-flow regime as 0.001 < Kn < 0.1.
Koplik and Banavar (1995), Golden (1964) and Paranjape
and Robson (1990) found that in some cases there is not
conformity in wall friction considering zero velocity on
wall and claimed that it is possible wall velocity be non-
zero.

Maxwell (1878) and Eirich (1978) proposed a relation for
slip velocity of gases that slip velocity was defined as func-
tion of fluid molecular properties, surface and wall shear
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Nomenclature

A defined by Eq. (6), dimensionless
B defined by Eq. (7), dimensionless
C defined by Eq. (8), dimensionless
Cp heat capacity, J/kg K
D defined by Eq. (9), dimensionless
Dh hydraulic diameter, m
E defined by Eq. (10), dimensionless
F defined by Eq. (11), dimensionless

f friction factor ¼ sw

1=2qu2
e

h i
, dimensionless

H constant wall heat flux boundary condition
K thermal conductivity, W/m K
K0 consistency index at reference temperature,

N sn/m2

n power law index, dimensionless

Nu local Nusselt number ¼ 1
hw�hb

for H and
oh
oR
hb

h
for T boundary conditions�, dimensionless

p pressure, Pa
P dimensionless pressure ¼ p�p0

qu2
e

h i
P0 pressure at the inlet, Pa
Pe Peclet number [=PrRe], dimensionless

Pr Prandtl number ¼
K0Cp

ue
Dh

� �
K

n�1
2
64

3
75, dimensionless

q heat flux, W/m2

r radial coordinate, m
R dimensionless radial coordinate ¼ r

Dh

h i
, dimen-

sionless

Re Reynolds number ¼ qU2�n
e Dn

h

K0

h i
, dimensionless

T temperature, constant wall temperature bound-
ary condition, �C

u axial velocity, m/s
U dimensionless axial velocity ¼ u

ue

h i
, dimension-

less
v radial velocity, m/s
V dimensionless radial velocity ¼ v

ue

h i
, dimension-

less
x axial distance, m
X dimensionless axial distance ¼ x

Dh

h i
, dimension-

less
X+ dimensionless axial coordinate ¼ x

Dh�Re

h i
, dimen-

sionless
X* dimensionless axial coordinate ¼ x

Dh�Re�Pr

h i
,

dimensionless

Greek symbols

bs slip coefficient ¼ us

um

h i
, dimensionless

D deformation tensor in cylindrical coordinate, s�1

h dimensionless temperature ¼ T�T e

qDh=K for H and
h

T�T w

T e�T w
for T boundary conditions�

hb dimensionless bulk temperature ¼
R

Uh dAR
U dA

� �
q density, kg/m3

s shear stress, N/m2

Subscripts

c centerline value
e evaluated at entrance condition
H evaluated for H boundary condition
m mean value
s slip value
T evaluated for T boundary condition
w evaluated at wall condition
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stress. The more complete model was offered by Eirich
(1978) in which the slip velocity was a function of wall shear
stress. Since the boundary condition for the fluid flow
through the channels plays a key role on the hydrodynamic
behavior, extensive investigations were done and based on
the results several researchers have suggested that the
well-accepted no-slip boundary condition may not be suit-
able for flows at the micro and nano scale (Watanabe
et al., 1998, 1999; Ruckenstein and Rajora, 1983; Pit
et al., 2000; Zhu and Granick, 2001; Tretheway and Mein-
hart, 2002). Although no-slip boundary condition is a prac-
tical condition for fluid mechanics but happening of slip
near the wall has created a challenging problem for fluid
mechanics and non-Newtonian fluids and slip of fluid in
polymeric melts and solutions has been importance of sev-
eral investigations (Wang, 1999; Léger et al., 1999). Many
mechanisms have been proposed to explain this phenome-
non but those that have received wider acceptance in recent
years are polymer chain disentanglement (Brochard and de
Gennes, 1992) and debonding (Hill, 1998) at the wall–poly-
mer interface. Many models were developed earlier, which
proposed that slip occurs by constitutive (bulk) instability
(Malkus et al., 1990; Mcleish and Ball, 1986; Lin, 1985).
However, it has now been shown unambiguously that slip
is an interfacial phenomenon that occurs very close to the
wall. Although the mechanisms for wall-slip are fairly well
understood, there are several issues that still remain unre-
solved. For example, the dynamics of polymer chains at
the wall is not yet well understood, and so is the effect of
molecular parameters such as molecular weight distribution
and long and short chain branching (Yang et al., 1998).

The physical manifestation of slip shows up in terms of
experimental observations of the existence of a critical
wall-shear stress, flow oscillations, extrudate distortion,
hysteresis and temperature dependence of critical wall-
shear stress. However, by merely observing a given mani-
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festation in a given set of experimental data, it has not been
possible so far to a priori assign a mechanism, be it deb-
onding or disentanglement. Indeed the same experimental
data on slip for the same polymer have been interpreted
in terms of both disentanglement as well as debonding.
For example, the experimental data on wall slip for com-
mon systems such as polyethylene in steel capillaries has
been described by theoretical arguments of debonding as
well as disentanglement. Slip occurs when any one of the
types of junctions is destroyed. If the junctions at the wall
are destroyed, then the slip occurs by debonding. When the
entanglement junctions are destroyed, the slip occurs by
disentanglement (Yogesh et al., 2000).

Tunc and Bayazitoglu (2000) have investigated slip effect
in rectangular microchannels and they defined slip velocity
as a constant coefficient of mean velocity of fluid (Tunc and
Bayazitoglu, 2002).

Velocity slip and temperature jump are the two major
effects of reducing the size of channel cross section. Convec-
tion heat transfer in circular and non-circular microchan-
nels has been solved over the years (Harms et al., 1999;
Qu et al., 2000; Sparrow and Lin, 1962; Ameel et al., 1997;
Tunc and Bayazitoglu, 2000; Tunc and Bayazitoglu,
2001). In these studies, the effects of velocity slip and tem-
perature jump at the wall and viscous dissipation were con-
sidered. The main finding was that velocity slip and
temperature jump have opposite effects on heat transfer.
Although the velocity slip tends to increase the Nusselt
number, the temperature jump tends to decrease it. The
inclusion the viscous heating increases the Nusselt number
for the fluid being cooled and decreases it for the fluid being
heated.

Owhaib and Palm (2004) investigated experimentally
about the heat transfer characteristics of single-phase
forced convection through single circular microchannels
with 1.7, 1.2, and 0.8 mm as inner diameters. The results
were compared both to correlations for the heat transfer
in macroscale channels and to correlations suggested for
microscale geometries. The results show good agreement
between the classical correlations and the experimentally
measured data in the turbulent region. Contrary, none of
the suggested correlations for microchannels, agreed with
the test data. Morini (2004) has collected a review of exper-
imental results about single phase convective heat transfer
in microchannels in the wide range of hydraulic diameter
and different fluids. Celeta (2004) collected useful informa-
tion about the fluid flow and heat transfer through
microchannels.

Generally, there is a lack of information in the literature
regarding the flow and heat transfer of non-Newtonian flu-
ids through microchannels. Therefore, in this study the
forced convection heat transfer of power law model non-
Newtonian fluids through circular microchannels at
entrance region as well as developed section were consid-
ered and to present the velocity slip, a parameter called slip
coefficient was defined as the ratio of the velocity of the
fluid at the wall to the mean velocity.
2. Modelling and analysis

This numerical study is concerned with simultaneous
development of flow and heat transfer for power law fluids.
The constant wall temperature (T) and constant wall heat
flux (H) are considered as thermal boundary conditions.
It covers the effect of slip coefficients for different power
law indices.

The problem to be considered is depicted schematically
in Fig. 1. The symmetry of the computational domain per-
mits the restriction of solution to only half the circular
microchannel. All fluid properties are held constant. The
Ostwald–de Waele power law is used to model shear stress
in following form (Bird et al., 1987):

s ¼ K0e
T 0
T

1

2
D : D

����
����

n�1
2

D ð1Þ

where K0 is the consistency index at reference temperature
(T0) and n is the power law index.

The dimensionless governing equations in cylindrical
coordinate can be written as:

Continuity:

1
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The fluid enters the circular microchannels with uniform
velocity and temperature profiles. Thus:
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Fig. 1. Computational domain of circular microchannel.

Table 1
Comparison of the developed Umax and f Æ Re obtained from present study
and Eqs. (14), (15) for no-slip condition

n 0.50 1.00 1.25
Umax (Eq. (14)) 1.67 2.00 2.11
Umax (present study) 1.66 1.99 2.11
f Æ Re (Eq. (15)) 6.32 16.00 25.24
f Æ Re (present study) 6.30 15.90 25.04

Table 2
Comparison of fully developed local Nusselt number for no-slip condition

n 0.50 1.00 1.25
NuT 3.949 (Bird et al.,

2002)
3.659 (Bird et al.,
2002)

3.590 (Etemad,
1995)

3.950 (Etemad,
1995)

3.657 (Etemad,
1995)

NuT (present
study)

3.920 3.620 3.550

NuH (Eq. (16)) 4.740 4.360 4.280
NuH (present

study)
4.740 4.350 4.260
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X ¼ 0

U ¼ 1; V ¼ 0

h ¼ 1 for T boundary condition

h ¼ 0 for H boundary condition

8><
>: ð12Þ

The slip condition is applied at the microchannel walls
and the dimensionless axial velocity at walls is bs (Tunc
and Bayazitoglu, 2002) which is defined as us

um
.

The dimensionless temperature at the walls for the T
boundary condition is zero and for H boundary condition
the dimensionless heat flux at wall is unity. The velocity
and temperature gradient across the symmetry axis is zero.
Thus:
oU
oR
¼ oV

oR
¼ 0

oh
oR
¼ 0

8><
>: ð13Þ
A fully developed condition could be prescribed at out-
let boundary.

In the present study Eqs. (2)–(11), which are an elliptic
systems of partial differential equations with associated
boundary conditions, were solved using control volume
finite difference method. The control volume finite differ-
ence method is well documented in the literature by Patan-
kar (Patankar, 1980).
n=1.25 Re=100

1

1.5

2

0 0.05 0.1
X+

Uc

ßs=0.0
ßs=0.1
ßs=0.2

Fig. 2. The effect of slip coefficient on centerline velocities.
3. Results and discussion

The flow and heat transfer domain was discretized and
the governing equations (continuity, momentum and
energy), were converted into algebraic equations using
20 · 3000 grids. The number of meshes was based on the
requirement of mesh independence of the solution. Due
to the higher velocity and temperature gradients in the
entrance region and in the vicinity of the wall, finer mesh
distributions were used in these regions.

The accuracy of numerical procedure was tested by
comparing the results of some specific cases with available
analytical and numerical solutions. Tables 1 and 2 show the
excellent agreement between the no-slip fully developed
friction factor and local Nusselt number for H and T

boundary conditions for different power law indices of
the present investigation and analytical solutions available
in the literature (Eqs. (14)–(16), Etemad, 1995; Datta, 1999;
Bird et al., 2002)
Umax¼
3nþ1

nþ1
ð14Þ

f �Re¼ 2nþ1 3nþ1

n

� �n

ð15Þ

NuH¼
nþ1

3nþ1

	
1

4
� n2

ð3nþ1Þ2

" #
�3nþ1

5nþ1

1

8
� n3

ð3nþ1Þ3

" #( )

ð16Þ

The dimensionless centerline axial velocity and friction
factor are presented in Figs. 2 and 3 for different values
of slip coefficients, while the data for fully developed max-
imum axial velocities and friction factors are tabulated at
Tables 3 and 4, respectively. From Fig. 2, the centerline
and maximum axial velocity for different slip coefficients
increase with increasing of axial distance which is related
to flow development. Also from Fig. 2 and Table 3 the
maximum velocity decreases with increasing the slip coeffi-
cient. When slip flow occurs, axial velocity of fluid near
wall increases and requirement of mass conservation forces
the fluids to correspondingly slow down in the center of



Table 3
Comparison of the developed Umax for different slip coefficients

bs 0.2 0.1
Umaxjn=0.5 1.53 1.59
Umaxjn=1 1.79 1.89
Umaxjn=1.25 1.88 2.00
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Fig. 4. The effect of slip coefficient on dimensionless bulk temperatures
and local Nusselt numbers for H and T boundary conditions.

Table 4
Comparison of developed f Æ Re for different slip coefficients

n 1.25 1.00 0.50
f � Rejbs¼0:0 25.04 15.90 6.30
f � Rejbs¼0:1 21.95 14.31 5.97
f � Rejbs¼0:2 18.95 12.72 5.63
Relative difference percent:

f �Rejbs¼0:0�f �Rejbs¼0:2

f �Rejbs¼0:0
� 100 24.32 20.00 10.63

n=1.25 Re=100

18

21

24

27

30

0 0.05 0.1
x+

f.Re

ßs=0.0
ßs=0.1
ßs=0.2

Fig. 3. The effect of slip coefficient on friction factors.

Table 5
Comparison of fully developed local Nusselt numbers for different power
law indices and slip coefficients for H and T boundary conditions

n 0.50 1.00 1.25
NuHjbs¼0:0 4.74 4.35 4.26
NuHjbs¼0:1 4.97 4.60 4.51
NuHjbs¼0:2 5.22 4.87 4.79
NuTjbs¼0:0 3.92 3.62 3.55
NuTjbs¼0:1 4.04 3.76 3.69
NuTjbs¼0:2 4.18 3.84 3.91
Relative difference percent (H):

NuH jbs¼0:2�NuH jbs¼0:0

NuH jbs¼0:0
� 100

10.13 11.95 12.44

Relative difference percent (T):
NuT jbs¼0:2�NuT jbs¼0:0

NuT jbs¼0:0
� 100

6.63 8.01 8.17

M. Barkhordari, S.Gh. Etemad / Int. J. Heat and Fluid Flow 28 (2007) 1027–1033 1031
microchannel (Table 3). From Fig. 3, the friction factor
decreases with increasing of axial distance which relates
to the high pressure drop in the developing section of the
channel. The slip flow results in smaller wall shear stress,
consequently friction factor decreases. Also, power law
index has strong effect on the performance of slip velocity.
From Table 4, the effect of slip coefficient becomes impor-
tant with increasing power law index. Consequently slip
effects for dilatant fluids are stronger than that of pseudo-
plastic fluids.

The local and also fully developed Nusselt numbers and
dimensionless bulk temperatures for different power law
indices and for various slip coefficients and boundary con-
ditions are presented through Fig. 4 and Table 5. From
Fig. 4 and Table 5, local Nusselt numbers increase with
increasing the slip coefficients. When slip flow occurs, axial
velocity of fluid near wall increases which promotes the
role of convection heat transfer and results in higher Nus-
selt number. Also based on the results of Table 5, slip
effects in dilatant fluids are stronger than that of pseudo-
plastic fluids. For H boundary condition, the wall temper-
ature gradient is more than that of T boundary conditions.
Consequently the slip effect in constant wall heat flux case
is more than that of constant wall temperature boundary
condition (Table 5).
The local Nusselt numbers and dimensionless bulk
temperatures for different Prandtl numbers and for various
slip boundary conditions are presented in Fig. 5. From this
figure, for slip conditions the local Nusselt number
increases with increasing of Prandtl number. Also from
Fig. 6, increasing Reynolds number enhances the local
Nusselt number for both thermal boundary conditions.
From the results increasing Reynolds number, Prandtl
number and slip coefficient has significant effects on dimen-
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Fig. 5. The effect of Prandtl number on dimensionless bulk temperatures
and local Nusselt numbers for H and T boundary conditions.

Fig. 6. The effect of Reynolds number on dimensionless bulk tempera-
tures and local Nusselt numbers for H and T boundary conditions.
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sionless bulk temperature for both thermal boundary
conditions.
4. Conclusions

In the present investigation, numerical study is carried
out to investigate about flow and thermal field of non-
Newtonian fluids flowing through circular microchannels.
Results show the product of friction factor and Reynolds
number and centerline velocity increase with increasing
power law index while considering wall slip condition
results in reduction of those parameters. Relative difference
of the product of friction factor and Reynolds number
between slip and no-slip conditions is enhanced with
increasing power law index. Consequently slip effects for
dilatant fluids are stronger than that of pseudoplastic flu-
ids. Increasing slip coefficient enhances the local Nusselt
number for both thermal boundary conditions. Also rela-
tive difference of the Nusselt number between slip and
no-slip conditions increases for higher power law indices.
Results indicate the effect of slip condition is more impor-
tant for H boundary condition. When slip effect occurs,
increasing Reynolds number and Prandtl number enhances
the local Nusselt number and has significant effect on
dimensionless bulk temperature for both thermal boundary
conditions.
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